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Abstract— In this paper, the problem of scheduling eventtriggered networked control systems sharing a communication channel is addressed. Event-triggered control strategies
effectively reduce the usage of resources in the implementation of control loops, in particular communication bandwidth.
However, there is a lack of a well-established framework to
analyze their corresponding communication load and synthesize schedulers. We focus on the case of linear-time-invariant
plants and propose a procedure to build a timed automaton
that captures the sampling behavior of each event-triggered
controller. We show that these timed automata approximately
simulate the controllers’ sampling behavior. Finally, a conflictfree scheduling policy is synthesized using timed game automata
to guarantee reliable communication in the network.

I. I NTRODUCTION
Networked control systems (NCSs) are spatially distributed systems in which the communication between sensors, actuators and controllers occurs through a shared bandlimited digital communication network. Such structure makes
the application of traditional control strategies with periodic
sampling inefficient. Alternative approaches with aperiodic
sampling such as event-triggered control (ETC) [1] and selftriggered control (STC) [2] have been proposed in order
to reduce the usage of resources in the implementation of
control loops, in particular communication bandwidth. In
these approaches, the execution time of control tasks is based
on the violation of a pre-specified condition. More precisely,
in ETC an intelligent sensory system is responsible to decide
the execution time of control tasks, whereas in STC the
execution time is determined by the controller. However,
there is a lack of a well-established framework to analyze
their corresponding communication load and synthesize communication schedulers.
Several codesign approaches of real-time systems can
be found in the literature, e.g. feedback modification to
task attributes [3], [4], [5], [6], anytime controllers [7],
[8], and event-based control and scheduling [9], [10]. The
aforementioned studies address simultaneously the controller
and scheduler design. We decouple the event-triggered implementation and scheduling design in this study, by characterizing the sampling behavior of linear-time-invariant (LTI)
systems with event-triggered implementations. Then, such
characterizations can be analyzed independently for scheduling purposes, thus providing a scalable and versatile eventtriggered NCSs design procedure. We generate finite-state
quotient systems that approximately simulate the original
infinite-state systems. The procedure consists of three steps.
First, the state space is partitioned into finitely many conic
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regions. Then, for each conic region, we determine a time
interval by using the convex embedding approach proposed
in [11]. This time interval captures all inter-sample times
associated to sampled states in the corresponding conic
region. Finally, possible transitions between these conic
regions are computed by using a reachability analysis, e.g.
[12]. Furthermore, we show that the obtained quotient system
can be recast as a timed automaton (TA) [13], which then can
be used to synthesize conflict-free communication schedules.
The scheduling problem over TA and its variants has been
studied in the literature, e.g. steel plant [14], job shop [15],
task graph [16]. Furthermore, the optimal scheduling of a
production w.r.t. a predefined cost for a finite time horizon
has been investigated in [17], [18]. In this case, the models
are TAs with weights (or costs) on both locations and edges
[19], [20]. Finally the optimal scheduling for infinite time
horizon is discussed in [21]. In this work, we assume that at
any time instant, the shared communication network can be
used by at most one control loop to update its input value.
We propose a technique to synthesize a conflict-free schedule
using a network of timed game automata (NTGA) [22], in
which in order to avoid communication conflicts, we allow
control loops to be updated earlier than the event triggering
dictates.
II. M ODELS AND

PRELIMINARIES

A. Timed Automata and Timed Game Automata
A timed automaton (TA) [13] is a directed graph extended
with real-valued variables (called clocks) that model the
logical clocks. Such automaton can be used to model realtime systems. We define C as a set of finitely many clocks.
Clock constraints are used to restrict the behavior of the
automaton. A clock constraint is a conjunctive formula of
atomic constraints of the form x ⊲⊳ n or x − y ⊲⊳ n for
x, y ∈ C, ⊲⊳∈ {≤, <, =, >, ≥} and n ∈ N. We use B(C) to
denote the set of clock constraints.
Definition 1: [Timed (game) automata] A timed automaton TA is a sextuple (L, ℓ0 , Act, C, E, Inv) where:
• L is a set of finitely many locations (or vertices);
• ℓ0 ∈ L is the initial location;
• Act is the set of actions;
• C is a set of finitely many real-valued clocks;
C
• E ⊆ L × B(C) × Act × 2 × L is the set of edges;
• Inv : L → B(C) assigns invariants to locations.
The location invariants are restricted to constraints of the
form: c ≤ n or c < n where c is a clock and n is a natural
number.
A timed game automaton TGA is a septuple
(L, ℓ0 , Actc , Actu , C, E, Inv)
where
(L, ℓ0 , Actc ∪

Actu , C, E, Inv) is a timed automaton; Actc is a set
of controllable actions; Actu is a set of uncontrollable
actions; and Actc ∩ Actu = ∅.
The semantics of a TA and a TGA are defined as a transition system where a state consists of the current location
and the current value of clocks. There are two types of
transitions between states. The automaton may either delay
for some time (a delayed transition), or take an enabled edge
(a discrete transition). Each edge is labeled with a guard
(∈ B(C)), an action (∈ Act or ∈ Actc ∪ Actu ) and a reset
(∈ 2C ). The guard is described as a clock constraint. An edge
can be taken when the value of clocks satisfies the guard
associated with the edge. A subset of all the clocks may be
reset to zero when a discrete transition is taken. Finally each
edge is associated with an action. The set of actions is used
for synchronous communication between a pair of TAs or
TGAs. It is done by hand-shake synchronization using input
and output actions: if an edge labeled with output action a!
in a TA (or a TGA) is taken, an edge labeled with input
action a? in the other TA (or other TGA) has to be taken
simultaneously. An action that can be taken independently is
called internal action and will be denoted by ∗. In a TGA,
controllable actions represent those that can be triggered by
the controller, whereas uncontrollable actions are triggered
by the environment/opponent. The composition of several
TGAs is called network of timed game automata (NTGA),
where the set of actions is defined as the cross product of
the set of actions associated with all TGA. An action in an
NTGA is controllable if all components are controllable, i.e.
the opponent has priority over the controller.
B. Event Triggered LTI Control Systems
Consider a linear-time-invariant (LTI) system given by:
˙ = Aξ(t) + Bυ(t), ξ(t) ∈ Rn , υ(t) ∈ Rm
ξ(t)
(1)
with a linear state-feedback law implemented in a sampleand-hold manner:
υ(t) = υ(tk ) = Kξ(tk ), ∀t ∈ [tk , tk+1 ), k ∈ N.

(2)

We further assume that no delay is present between reading
the state and updating the actuators. The interested reader
can find in [1] more details, including accounting for delays.
Denote by ξx (t) ∈ Rn the solution of (1)-(2) for t ∈
[tk , tk+1 ] with initial condition ξx (tk ) = x. Moreover, consider ex (t) := x−ξx (t) as the virtual error introduced by the
sampling process. The event triggering approach proposed in
[1], suggests to use the following sampling law:
tk+1 = min{t > tk | |ex (t)|2 ≥ α|ξx (t)|2 }, α ∈ [0, 1),
resulting in the sampling interval associated to state x:
τ (x) := min{t | |ex (t)|2 ≥ α|ξx (t)|2 , ξx (0) = x}.

(3)

b

+
ε ∈ R+
0 , where R0 represents the set of nonnegative real
numbers. A relation R ⊆ Xa × Xb is an ε-approximate
simulation relation from Sa to Sb if the following three
conditions are satisfied:
1) ∀xa0 ∈ Xa0 , ∃xb0 ∈ Xb0 such that (xa0 , xb0 ) ∈ R;
2) ∀(xa , xb ) ∈ R, we have d(Ha (xa ), Hb (xb )) ≤ ε;
✲ in Sa
3) ∀(xa , xb ) ∈ R, (xa , ua , x′a ) ∈
a
′
✲ in Sb satisfying (x′ , x′ ) ∈ R.
∃(xb , ub , xb ) ∈
a
b
b

We say that Sb ε-approximately simulates Sa , denoted by
Sa εS Sb , if there exists an ε-approximate simulation
relation R from Sa to Sb .
Definition 4 (Power Quotient System): Let
S
=
✲ , Y, H) be an autonomous system
(X, X0 , ∅,
and R be an equivalence relation on X. The power quotient
of S by R, denoted by S/R , is the autonomous system
✲ , Y/R , H/R ) consisting of:
(X/R , X/R,0 , ∅,
/R

•
•
•

•
•

X/R = X/R;
X/R,0 = {x/R ∈ X/R |x/R ∩ X0 6= ∅};
✲ if ∃(x, u, x′ ) ∈
(x/R , u, x′/R ) ∈
/R
x′/R ;

✲ with

x ∈ x/R and x′ ∈
Y/R ⊂ 2Y ;
H/R (x/R ) = ∪ H(x).
x∈x/R

Lemma 1: Let S be an autonomous metric system, R be
an equivalence relation on X, and let the autonomous metric
system S/R be the power quotient system of S by R. For
any
ε ≥ max d(H(x), H/R (x/R )),
x∈x/R
x/R ∈X/R

It follows that for σ ∈ [0, tk+1 − tk ]:
ξx (tk + σ) = Λ(σ)x and ex (tk + σ) = [I − Λ(σ)]x (4)
Rσ
where Λ(σ) = [I + 0 eAr dr(A + BK)]. Substituting (4) in
(3), the state-dependent sampling law can be reformulated
as
τ (x) = min{σ > 0| xT Φ(σ)x = 0}, where
Φ(σ) = [I − ΛT (σ)][I − Λ(σ)] − αΛT (σ)Λ(σ).

C. Systems and Relations
In what follows, we briefly present some concepts from
system theory, and propose a modified notion of quotient
system (see e.g. [23] for the traditional definition).
Definition 2 (System [23]): A system is a sextuple
✲ , Y, H) consisting of:
(X, X0 , U,
• a set of states X;
• a set of initial states X0 ⊆ X;
• a set of inputs U ;
✲ ⊆ X × U × X;
• a transition relation
• a set of outputs Y ;
• an output map H : X → Y .
A system is said to be metric if the set of outputs Y is
equipped with a metric, and autonomous if the cardinality
of U is not larger than one.
Definition 3 (Approximate Simulation Relation [23]):
Consider
two
metric
systems
Sa
=
✲ , Ya , Ha ) and Sb
(Xa , Xa0 , Ua ,
=
a
✲ , Yb , Hb ) with Ya = Yb , and let
(Xb , Xb0 , Ub ,

(5)
(6)

with d the Hausdorff distance over the set 2Y , S/R εapproximately simulates S, i.e. S εS S/R .
Proof: Consider the candidate simulation relation: R′ ⊂
X ×X/R , where (x, x/R ) ∈ R′ if and only if x ∈ x/R . From
Definition 4, the conditions from Definition 3 immediately
follow when one considers the Hausdorff distance and 2Y as
a common output set for S and S/R .

III. A BSTRACTIONS

OF EVENT- TRIGGERED

LTI SYSTEMS

A. Problem Statement
✲ , Y, H):
Consider the system S = (X, X0 , ∅,
n
• X = R ;
n
• X0 = R ;
′
✲ iff ξx (τ (x)) = x′ given by (1)-(3);
• (x, x ) ∈
+
• Y ⊂R ;
n
+
• H : R → R where H(x) = τ (x).
Such a system produces as output sequences all possible
sequences of inter-sample intervals of the concrete system
(1)-(2) with triggering condition (3).
Problem 1: Provide a construction of power quotient systems S/P of systems S as defined above.
Based on Definition 4, we propose to construct the system
✲ , Y/P , H/P ) where
S/P = (X/P , X/P,0 , ∅,
•
•
•

•

/P
n
X/P = R/P := {R1 , . . . , Rq };
X/P,0 = Rn/P ;
✲ if ∃x ∈ x/P , ∃x′ ∈ x′ such that
(x/P , x′/P ) ∈
/P
/P
′
ξx (H(x)) = x as determined by (1)-(3);
Y/P ⊂ 2Y ⊂ IR+ , where IR+ represents the set of

closed intervals [a, b] such that 0 < a ≤ b;
•

H/P (x/P ) = [ min H(x), max H(x)] := [τx/P , τ̄x/P ].
x∈x/P
x∈x/P
¯

B. Construction of the Abstraction
In this subsection, we introduce how to: select an appropriate equivalence relation P, compute the respective intervals
[τx/P , τ̄x/P ], and determine transitions among abstract states.
¯ 1) Set of States: The state set construction approach is
heavily inspired by an important observation from (5):
Remark 1 ([24]): All states, excluding the origin, which
lie on a line that goes through the origin, have the same
inter-sample time, i.e. τ (x) = τ (λx), ∀λ 6= 0.
Remark 1 suggests a convenient approach is to partition
the state space into a finite number of convex polyhedral
cones
Sq (pointed nat the origin) Rs where s ∈ {1, . . . , q} and
s=1 Rs = R . This state space abstraction technique is
proposed by [24], dividing each of the angular spherical coordinates of x ∈ Rn : θ1 , . . . , θn−2 ∈ [0, π], θn−1 ∈ [−π, π]
into m̄ (not necessarily equidistant) intervals resulting in
q = m̄(n−1) conic regions. Additionally, Remark 1 also
suggests that it suffices to only consider half of the state
space since x and −x behave in the same way in (5).
Therefore, one can consider half of the state space (e.g,
by taking θn−1 ∈ [0, π]), and later map the results to the
other half of the state space. We consider thus the following
equivalence relation P to construct our abstraction:
(x, x′ ) ∈ P ⇔ ∃ s ∈ {1, . . . , q} s.t. x, x′ ∈ Rs .
2) Output Map: The construction of the output map H/P
and the output set Y/P are described in the sequel. A time interval [τs , τ̄s ] is calculated such that ∀x ∈ Rs , τ (x) ∈ [τs , τ̄s ]
¯ the approach proposed by [11]. This approach¯relies
based on
on the construction of a convex polytope (or a sequence of
convex polytopes) in the space of real matrices around the
matrix Φ(σ). This enables the reduction of the evaluation of
xT Φ(σ)x for infinitely many values of σ to a finite number
of evaluations. Let q be the number of equivalence classes,

i.e. s ∈ {1, . . . , q}, Qs ∈ M2 (R) and Es ∈ Mn×p (R)
with p ≤ 2n − 2, where Mi×j (R) denotes the space of
i × j real matrices. We assume that the equivalence classes
of P are defined as cones pointed at the origin given by
Rs = {x ∈ R2 | xT Qs x ≥ 0}, Qs = QTs whenever
n = 2 or Rs = {x ∈ Rn | Es x ≥ 0} otherwise. Consider
also a scalar σ̄ > 0 denoting a time instant for which
the triggering mechanism (5) is enabled in the whole state
space, i.e. xT Φ(σ̄)x ≥ 0, ∀x ∈ Rn . Let Nconv + 1 be
the number of vertices employed to define the polytope
containing Φ(σ) in a given time interval, and l ≥ 1 the
number of time subdivisions considered in the time interval
[0, σ̄] (for the purpose of reducing the conservatism involved
in the polytopic embedding of Φ(σ)). For details of the
proofs of these results we refer the interested reader to [25],
[11], [24].
Lemma 2: Let s ∈ {1, . . . , q}, and consider a time bound
τs ∈ (0, σ̄]. If xT Φ(i,j),s x ≤ 0 holds ∀(i, j) ∈ Ks =
¯
¯
τ l
({0, . . . , Nconv } × {0, . . . , ⌊ ¯σ̄s ⌋}), then:
xT Φ(σ)x ≤ 0,

∀σ ∈ [0, τs ]
¯

with Φ defined in (6) and
Φ(i,j),s = Φ̂(i,j),s + νI,
¯
¯
¯
( P
τ l
i
σ̄ k
if j < ⌊ ¯σ̄s ⌋,
L ( )
Pik=0 k,j l
Φ̂(i,j),s =
τ l
j σ̄ k
¯
if j = ⌊ ¯σ̄s ⌋,
k=0 Lk,j (τs − l )
¯

L0,j =I − Π1,j − ΠT1,j + (1 − α)ΠT1,j Π1,j ,





L1,j =[(1 − α)ΠT1,j − I]Π2,j




+ΠT2,j [(1 − α)Π1,j − I],
k−1
(7)
Lk≥2,j =[(1 − α)ΠT1,j − I] Ak! Π2,j


k−1 T



+ΠT2,j (A k! ) [(1 − α)Π1,j − I]


Pk−1 i−1 T k−i−1


+(1 − α)ΠT2,j ( i=1 (A i! ) A(k−i)! )Π2,j ,

R j σ̄
Π1,j = I + Mj (A + BK), Mj = 0 l eAs ds,
Π2,j = Nj (A + BK),
Nj = AMj + I,
ν≥
¯

max

λmax (Φ(σ ′ + r σ̄l ) − Φ̃Nconv ,r (σ ′ )),

σ′ ∈[0, σ̄l ]
r∈{0,...,l−1}

(8)

PNconv
(9)
Lk,r σ k .
Φ̃Nconv ,r (σ) = k=0
Proof: This is a particular case of Lemma 1 in [11]
when considering time intervals beginning at zero.
Theorem 1 (Regional Lower Bound Approximation):
Consider a scalar τs ∈ (0, σ̄] and matrices Φκ,s ,
κ = (i, j) ∈ Ks ,¯ defined as in Lemma 2. If ¯there
exist scalars εκ,s ≥ 0 (for n = 2) or symmetric matrices
¯
Uκ,s with nonnegative
entries (for n ≥ 3) such that for all
¯
κ ∈ Ks the following LMIs hold:

Φκ,s + εκ,s Qs  0
if n = 2
,
¯
¯
Φκ,s + EsT Uκ,s Es  0 if n ≥ 3
¯
¯
the inter-sample time (3) of the system (1)-(2) is regionally
bounded from below by τs , ∀x ∈ Rs .
Proof: This result¯ is a direct consequence of the
application of the S-procedure (lossless for the case of n = 2
and lossy otherwise) along with Lemma 2.

Lemma 3: Let s ∈ {1, . . . , q}, and consider a time bound
τ̄s ∈ [τs , σ̄]. If xT Φ̄(i,j),s x ≥ 0 holds ∀(i, j) ∈ Ks =
¯
({0, . . . , Nconv } × {⌊ τ̄σ̄s l ⌋, . . . , l − 1}), then:
xT Φ(σ)x ≥ 0,

∀σ ∈ [τ̄s , σ̄]

with Φ defined in (6) and

¯
Φ̂(i,j),s
ν̄ ≤

¯
Φ̄(i,j),s = Φ̂(i,j),s + ν̄I,
( P
i
L ( (j+1)σ̄ − τ̄s )k if j = ⌊ τ̄σ̄s l ⌋,
Pik=0 k,j σ̄ kl
=
if j > ⌊ τ̄σ̄s l ⌋,
k=0 Lk,j ( l )
max

λmin (Φ(σ ′ + r σ̄l ) − Φ̃Nconv ,r (σ ′ )),

σ′ ∈[0, σ̄l ]
r∈{0,...,l−1}

(10)

where Lk,j and Φ̃Nconv ,r are given by (7) and (9), resp.
Proof: The proof of this lemma is analogous to that of
Lemma 2, see [25] for details.
Theorem 2 (Regional Upper Bound Approximation):
Consider a scalar τ̄s ∈ [τs , σ̄] and matrices Φ̄κ,s ,
κ = (i, j) ∈ Ks , defined ¯as in Lemma 3. If there
exist scalars ε̄κ,s ≥ 0 (for n = 2) or symmetric matrices
Ūκ,s with nonnegative entries (for n ≥ 3) such that for all
κ ∈ Ks the following LMIs hold:

Φ̄κ,s − ε̄κ,s Qs  0
if n = 2
,
Φ̄κ,s − EsT Ūκ,s Es  0 if n ≥ 3
the inter-sample time (3) of the system (1)-(2) is regionally
bounded from above by τ̄s , ∀x ∈ Rs .
Proof: This result is a direct consequence of the
application of the S-procedure (lossless for the case of n = 2
and lossy otherwise) along with Lemma 3.
Remark 2: To the best of our knowledge, there is no
formal approach to compute σ̄. However, one can perform a
line search to find σ̄ as the first value at which Φ(σ̄)  0.
Alternatively, one can select σ̄ as the largest inter-sample
time allowed by practical motivations.
In order to compute τs and τ̄s employing the previous results
¯
the following procedure
can be followed. To determine τs ,
¯
first use (8) to compute ν. Next, employ Theorem 1 to derive
¯
τs , for each s ∈ {1, . . . , q} by means of a line search on τs
¯(where τ ∈ (0, σ̄]) combined with LMI feasibility problems
¯
s
¯
on εκ,s or Uκ,s in each step of the line search. Similarly, to
¯
compute
τ̄s¯, one can use (10) to compute ν̄ and Theorem
2. Again that entails a combination of a line search on τ̄s
(where τ̄s ∈ [τs , σ̄]) and LMI feasibility problems on ε̄κ,s or
¯
Ūκ,s .
3) Transition Relation: Deriving all the transitions in S/P
boils down to computing the reachable set of each set Rs
on the time interval [τs , τ̄s ]. For this reachability analysis, it
¯
suffices to consider only
subsets X0,s ⊂ Rs being convex
polytopes with one vertex placed on each of the extreme
rays of Rs (excluding the origin). Such a choice is justified
by the following facts: i) all the states that lie on a line
going through the origin have the same inter-sample time
(see Remark 1); ii) the states of the system placed on a
line going through the origin are mapped to another line
that passes through the origin (since the state evolution
(4) is a linear map on x); and iii) the image of a convex
polytope under a linear map remains a convex polytope.

Thus, computing (an over-approximation of) the reachable
set of X0,s automatically provides (an over-approximation
of) the reachable set of Rs . Denote by X[τs ,τ̄s ] (X0,s ) the
¯
reachable set of X0,s during the time interval
[τs , τ̄s ], i.e.:
¯
X[τs ,τ̄s ] (X0,s ) := {x′ ∈ Rn | ∃x ∈ X0,s , ∃τ ∈ [τs , τ̄s ], x′ = ξx (τ )}
¯
¯

Computing an over-approximation of the reachable set of
a polytope under linear time invariants can be effectively
computed following e.g. [12].
In order to derive the transitions in S/P , one needs to
compute the intersection between the over-approximation
of X[τs ,τ̄s ] (X0,s ), denoted by Xˆ[τs ,τ̄s ] (X0,s ), and all conic
¯
¯
regions
Rt . This can be done by solving
a simple feasibility
problem for each pair of conic regions (Rs , Rt ):
Feas

Hs x̄ ≤ d⋆s
Et x̄ ≥ 0

(11)

where {x̄ ∈ Rn | Hs x̄ ≤ d⋆s } represents the polytopic over
approximation X̂[τs ,τ̄s ] (X0,s ), and {x̄ ∈ Rn | Et x̄ ≥ 0}
characterizes t-th ¯conic region where t ∈ {1, . . . , q}. The
feasibility of (11) indicates that there is a transition from
abstract state Rs to Rt in S/P .
Remark 3: Due to the conservatism involved in the derivation of τs , τ̄s , and the analysis of Section III-B, S/P is in fact
an over¯approximation of the minimal power quotient system
of S, i.e. there exist spurious transitions (x/R , u, x′/R ) ∈
✲ such that ∄(x, u, x′ ) ∈
✲ with x ∈ x/R
/R

and x′ ∈ x′/R . This has no effect for the satisfaction of
S εS S/R as Definition 4 does not preclude the presence of
such spurious transitions.
Remark 4: The precision of the constructed abstraction
can always be improved by subdividing each considered
region into new regions, at the cost of constructing larger
abstractions.
C. Timed Automata Representation
Finally, based on the underlying relation between an
abstract state x/P ∈ X/P and its corresponding output
y/P ∈ Y/P , we show that S/P is semantically equivalent
to a TA. The system S/P :
1) remains at x/P during the time interval [0, τx/P ),
2) possibly leaves x/P during the time¯ interval
[τx/P , τ̄x/P ), and
3) is¯ forced to leave x/P at τ̄x/P .
Therefore, S/P is equivalent to a timed automaton
TA = (L, ℓ0 , Act, C, E, Inv) where:
• L = X/P ;
• ℓ0 := Rs such that ξ(0) ∈ Rs ;
• Act = {∗} is an arbitrary symbol;
• C = {c};
• E is given by all tuples (Rs , g, a, r, Rt ) such that
✲ , g = {c| c ∈ [τs , τ̄s ]}, a = ∗,
(Rs , Rt ) ∈
/P
¯
and r is given by c := 0;
• Inv(Rs ) := {c|c ∈ [0, τ̄s ]}, ∀s ∈ {1, . . . , q}.

IV. S CHEDULING

NETWORKED CONTROL SYSTEMS

Consider now a set of networked control systems (NCSs)
sharing a common communication channel. Each control
loop consists of a sensor, a plant, an actuator, and a controller,
interconnected through the shared communication network.
Assume that the network can be used by at most one control
loop at any time instant. If several control loops request
updates at the same time when the network is available a
conflict arises, and only one control loop will be chosen
nondeterministically to access the network. While in timetriggered control systems these type of problems can be
prevented by appropriate scheduling, when one or several
control-loops are event-triggered a-priori scheduling is not
possible, because of the unknown event-times. In this section
we propose an approach based on NTGA to avoid such
conflicts. We consider schedulers that after each transmission
of measurements decide whether the next update time of each
control loop should be based on the triggering mechanism
or forced to be at an earlier pre-defined time.
Definition 5: A timed game automaton generated by a
communication network with minimum channel occupancy
time ∆ is given by TGAnet = (L, ℓ0 , Actc , Actu , C, E, Inv)
where
• L = {Idle, InUse, Bad };
• ℓ0 = Idle;
• Actc = {early?, done!};
• Actu = {start?};
• C = {c};
• E = {(Idle, c ≥ 0, start?, {c}, InUse),
(Idle, c ≥ 0, early?, {c}, InUse),
(InUse, c = ∆, done!, ∅, Idle),
(InUse, c ≥ 0, early?, ∅, Bad ),
(InUse, c ≥ 0, start?, ∅, Bad ),
(Bad , c ≥ 0, early?, ∅, Bad ),
(Bad , c ≥ 0, start?, ∅, Bad )};
• Inv(Idle) = {c| c ≥ 0}, Inv(InUse) = {c| c ≤ ∆}.
The location Idle represents the network being available,
InUse represents the network is being used by a control
loop, and Bad represents a conflict has happened. The active
location changes from Idle to InUse when the control tasks
are instantaneously executed. Notice that the clock variable
c is reset during this discrete transition. We consider that a
minimum channel occupancy time ∆ needs to elapse before
the network is free again to service the control tasks. During
this time, the active location is InUse. When there is an
update request from a control loop, a conflict happens and
the location changes to Bad . Notice that Bad is an absorbing
location, i.e. once we enter this location we cannot leave it.
When the value of c equals ∆, the active location changes
to Idle and the network is available again.
Given a control loop, we construct now a TGA allowing
a supervisor (scheduler) to force earlier controller updates
than those dictated by the event-triggering mechanism.
Definition 6: Given a TA (L, ℓ0 , Act, C, E, Inv) generated
from an event-triggered control loop and a set of earliest update time parameters {d1 , . . . , dq }, the TGA with an option
gc , Act
gu , C,
f
e ℓe0 , Act
e E,
e Inv)
for earlier update is given by (L,
where
e = L ∪ Sq {Use s , Use [¯τs −ds ,¯τs ] };
• L
s
s=1

ℓe0 = Rs s.t. ξ(0) ∈ Rs ;
gc = {early!};
• Act
gu = {done?, start!};
• Act
e = C;
• C
e = Sq {(Rs , τs ≤ c ≤ τ̄s , start!, ∅, Use s ),
• E
s=1
¯
[τs −ds ,τs ]
(Rs , τS
¯ )}∪
s − ds ≤ c ≤ τs , early!, ∅, Use s¯
S
q ¯
¯ {(Use , c ≥ 0, done?, {c}, R )}∪
s
t
Sqs=1 S{t|Rs →Rt ∈E}
[τs −ds ,τs ]
{(Use
,
c
≥
0,
done?,
{c},
R
)};
¯
¯
t
s
s=1
t∈Es
f s ) = {0 ≤ c ≤ τ̄s }, Inv(Use
f
• Inv(R
s ) = {c ≥ 0} =
[τs −ds ,τs ]
f
Inv(Use
),
for
all
s
∈
{1,
. . . , q};
¯
s¯
with Es = {t|X̂[τs −ds ,τs ] ∩ Rt 6= ∅}.
¯
¯
The new locations Use s and Use s[¯τs −ds ,¯τs ] for s ∈ {1, . . . , q}
represent the control loop is using the network and the
sampled state is in Rs . Location Use s is active when the
update time is determined by the triggering mechanism
(3). In this case, the scheduler does not choose the update
time. Thus, edges from Rs to Use s are labeled with the
uncontrollable action start!. Location Use [s¯τs −ds ,¯τs ] is active
when the update time is forced to be earlier. In this case, the
scheduler is able to choose the update time. Thus, the edges
from Rs to Use [s¯τs −ds ,¯τs ] are labeled with the controllable
action early!.
Composing TGAnet and all the TGAs associated with the
control loops, an NTGA abstracting the overall system of
controllers sharing a network is obtained. Conflicts in this
abstraction are associated to states for which the location
of TGAnet is Bad . Thus, one can synthesize schedulers by
solving safety problems on this NTGA aimed at avoiding
these conflict states. This type of problems can be solved by
existing tools like UPPAAL-Tiga [26].
•

V. C ASE STUDY
We showcase the results in an example. with two NCSs
sharing the same communication network. The first control
loop is given by [1, p. 1683]

 



0
0 1
υ,
υ = 1 −4 ξ.
(12)
ξ+
ξ˙ =
1
−2 3
The second control loop is given by [27, p. 1699]

 



˙ξ = −0.5 0 ξ + 1 υ, υ = 1.02 −5.62 ξ.
1
0
3.5

(13)
We apply the procedure in Section III-B to (13) with the
following design parameters: α = 0.05, Nconv = 5, l = 100,
m̄ = 10, and σ̄ = 1 time unit. The resulting number of conic
regions is q = 2 × m̄(n−1) = 2 × 10(2−1) = 20. Figure 1
(left) depicts the conic regions s and the associated τs and
¯
τ̄s . The set of edges is schematically shown in Fig. 1 (right).
The outcome of the procedure for (12) is not reported here
because of space limitations.
Next we synthesize a conflict-free communication
scheduling policy for the two NCSs described above by
using UPPAAL-Tiga [26]. In both control loops, the set of
initial conditions is R1 . We define the minimum channel
occupancy time ∆ = 0.005 time units. For simplicity, the
parameter for earlier triggering time is chosen to be the
same for all regions, i.e. d1 = · · · = d20 , and denoted
by d. Two scenarios are considered: In the first scenario,
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Fig. 1. (Left plot) Lower and upper bounds approximation of regional
inter-sample times in (13) are depicted by black solid and black dashed
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each conic region represents the index of that region. (Right plot) Schematic
representation of set of edges in the timed automaton generated by (13). A
star in coordinate (i, j) denotes the edge from location i to location j.

we try to synthesize a schedule for the following values of
d: 0.001, 0.002, . . . , 0.010, and we find that a conflict-free
communication schedule can be synthesized if d ≥ 0.004.
In the second scenario, we try to determine the largest value
of ∆ for the following values of d: 0.004, 0.005, . . . , 0.010
such that a conflict-free communication schedule can be
synthesized. The procedure is as follows: for each value of
d, initially we define ∆ = 0.005 and then increase ∆ with
step size of 0.001 until a schedule cannot be synthesized. We
find that for all values of d, the largest value of ∆ equals
d + 0.001.
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Fig. 2. Status of the shared communication network up to 1.5 time units.
The bars on the top and on the bottom of the x axis represent the network
is being used by (13) and (12), respectively. Long and short bars represent
event-triggered and earlier mechanisms, respectively.

VI. C ONCLUSIONS

AND FUTURE WORK

We have provided an algorithm to construct a TA that
characterizes the sequence of sampling times in an eventtriggered LTI system, and shown how one may use these
TA’s to synthesize conflict-free scheduling policies for sets of
NCSs. The scheduling policy we propose is centralized, i.e.
the scheduler needs to know the last transmitted state of all
control loops. While this may be useful in systems in which
a network coordinator is present, e.g. in wirelessHART,
it is worth investigating extensions to fully decentralized
scheduling. The strategy we present to resolve conflicts relies
on earlier triggering of updates. Current research is focusing
on strategies in which the scheduler may instead force control
loops to employ event-triggering conditions that reduce the
control performance to avoid communication conflicts. It
would be interesting to extend this idea leveraging results
from priced timed game automata, which extend timed game
automata with costs on both locations and transitions, to
optimize the performance that the scheduler delivers: i.e.
minimize transmissions while maximizing convergence rates
of the control loops. Finally, we are working on a public toolbox to construct the presented abstractions and schedulers,
and on a real NCS implementation to evaluate the practical
feasibility of the proposed techniques.
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